The time-delay effect on the bursting of the synchronized state of coupled Hindmarsh-Rose neurons is investigated in this paper. The time-delay influence on the structure of the slow manifold is first studied by using the method of stability switch. And then on the basis of the geometric singular perturbation theory, case studies are given to show that the time delay can suppress the bursting oscillation or lead to more complex dynamics. In particular, the mechanism of the transition from bursting oscillation to relaxation oscillation and to chaotic bursting is stated. Numerical results are given to demonstrate the validity of the analytical results. The activity of a nervous system is a cooperative process of coupled neurons, and synchronization of coupled neurons plays a vital role in information transmission. The axonal conduction delay is inevitable due to the finite propagation speed of signals and finite processing time in synapses, and it has significant influence not only on the enhancement or suppression of the synchronization but also on the dynamics of the synchronized state after the synchronization manifold becomes stable. This paper presents an investigation of the time-delay effect on the bursting mechanism of the synchronized state of the coupled HR neuron systems, and it shows that the synchronized system can exihibit different dynamics with the original uncoupled neural system due to the time delay effect.
I. INTRODUCTION
Biological nervous system is a very complex network composed of large number of neurons, it can encode, transfer and integrate information through the neuronal firing activities. Experimental observations indicate that neurons can exhibit abundant electrical firing patterns due to the complex physical and chemical processes and many internal and external factors in the neurons. Spiking and bursting are the primary firing patterns. [1] [2] [3] Bursting is usually caused by a slow voltage process that modulates fast spiking activity, and exhibits groups of two or more spikes separated by periods of inactivity. Different kinds of bursters in neurons have been observed, and different bursters can encode, synchronize and integrate information in different way, a comprehensive theoretical classification is made by using geometric bifurcation theory. 3 A number of dynamical models have been proposed to understand the mechanism of electrical firing activities of neurons theoretically. Among these models, HH model proposed by Hodgkin and Huxley 4 is probably the first physiologically realistic model, but it is not convenient for dynamical analysis due to its complexity. While HR model proposed by Hindmarsh and Rose 5 is a phenomenological neuron model described by three first-order differential equations. It can be regarded as a simplification of HH model, or as a generalization of the Fitzhugh model 6 by incorporating a third dynamical component with longer time scale. Though simple enough to make dynamical analysis possible, the HR model is able to reproduce lots of the dynamical behaviors observed in real biological neuron activities. 7, 8 In the last decades, HR model has draw much attention from the researchers and intensive studies about its nonlinear dynamics have been reported in the literature. [9] [10] [11] [12] [13] [14] The studies indicate HR system undergoes various kinds of dynamical transition when one or more bifurcation parameters vary. By using the Poincar e maps, the bifurcation of HR model is considered by Holden and Fan, 9 and a sequence of burst pattern that undergoes transition from one simple bursting oscillatory to another simple bursting oscillatory is presented. The transition between the bursting and the spiking dynamics in the chaotic regime of the HR model is investigated by Gonz alez-Miranda, 11 the studies indicate this transition is chaos-chaos transition and the change of the attractor size is sudden but continuous, moreover, onedimensional discrete maps are used to explain the mechanism of this transition. The transition between the chaotic spiking and the chaotic bursting is re-examined by Innocenti, 13 an abrupt shrinking of the attractor size associated with a sharp peak in the maximal Lyapunov exponent is observed. Those dynamical transitions provide some mechanisms that allow rapid switching between different relevant neuronal behaviors, and they are useful to understand how the nervous system is able to give fast responses to external stimulus. The dynamics and synchronization of coupled HR neurons are also discussed in the literature. 15, 16 Time delays are inevitable in neural systems due to finite propagation speed of signals and finite processing time in synapses. [17] [18] [19] on the dynamics of neural network systems. On one hand, it can often deteriorate the stability and lead to complex dynamics in neural network systems. 18, 20, 21 The dynamical characteristics of a single neuron network with self-excitation and delay self-inhibition is analyzed by Ruan, Li and Lin, 18 the chaotic behavior resulted from the existence of time delay is predicted. The dynamics of single HR model with synaptic transmission delay is investigated by Ma, Feng and Lu, 20, 21 the studies indicate the time delay can lead to double Hopf bifurcation, Fold-Hopf bifurcation and result to complex firing modes. On the other hand, under certain conditions, time delay can be beneficial to neural systems. 19, [22] [23] [24] Time-delay effect on the delay-coupled HR neurons is investigated by Dhamala, Jirsa and Ding, 19 where it is found that a stable synchronized state exists at low coupling strengths for significant time delays, and by formulating a master stability equation for the delay-coupled HR neurons, it is shown, because of the existence of time delay, there is always an extended region of stable synchronous activity corresponding to low coupling strengths. The phase synchronization in delayed networks of coupled HR neurons is investigated by Jalili, 23 the findings reveal that in both excitatory and inhibitory chemical connections, the phase synchronization could be enhanced by introducing time delay. By using delayed state difference feedback control method, 25 the control problems of chaotic dynamical patterns of single HR neuron model are studied by Yu and Tong, 24 studies indicate that in some ranges of the combination of gain factor and time delay, the chaotic burst pattern of inter-spike interval sequences of HR neuron can be controlled to a single-spike period, double-spikes period, 3-or 4-spikes period patterns.
Though delay-coupled HR neurons are widely studied in the literature, to the best knowledge of the authors, works about the delay effect on the dynamics of the synchronized state of coupled HR neurons are considered few. This paper presents an investigation of the time-delay effect on the bursting mechanism of the synchronized state of coupled HR neurons by using the method of stability switch and the geometric singular perturbation theory. In Sec. II, the HR neuron model with time-delay term is presented. In Sec. III, the mechanism of the bursting behavior in HR neuron system without time-delay term is stated first. Then, in Sec. IV, the time-delay effect on the bursting of the synchronized state is studied. Some conclusions are drawn in the last section.
II. THE MODEL EQUATION
The HR neuron model equation with time-delay of our concern in this paper reads
where the state variable x represents the membrane potential, y describes the exchange of ions across the neuron membrane through fast ionic channels, and z is a slowly changing adaptation current. I mimics the membrane input current for biological neurons, and r is a small parameter which controls the speed of variation of the slow variable z, x 0 sets the resting potential of the system. l and s are the gain and delay factors in the difference feedback. And a, b, c, d, s are system parameters. Equation (1) can be regarded as the synchronized state for the delay-coupled HR neurons with certain topological structure including fully-connected and ring-shaped network after the synchronization manifold becomes stable. 19 It is also the controlled single HR neuron system under delayed state difference feedback, 24 where the delayed state difference feedback is used to control the chaotic dynamics of the classical HR neuron system. In this paper, the time-delay effects on the bursting of Eq. (1) are to be investigated, and the mechanism of the transition from bursting oscillation to relaxation oscillation and to chaotic bursting is to be studied, by using the methods of stability switch and geometric singular perturbation theory.
With 0 < r ( 1 as a small parameter, Eq. (1) becomes a slow-fast system with fast variables x and y and slow variable z. Geometric singular perturbation theory, mainly due to Tikhonov and Fenichel, [26] [27] [28] [29] is an efficient tool for investigating the dynamics of slow-fast systems. Tikhonov's theorem defines a slow manifold of the slow-fast systems, and it shows how the solution trajectory evolves between the stable slow manifold and the unstable slow manifold. Fenichel's theory indicates the slow manifold is an approximation of the invariant manifold of the slow-fast systems. According to the geometric singular perturbation theory, the dynamical behavior of the slow-fast systems is governed by the structure of the slow manifold. Thus, one can investigate the influence of the time delay on the slow manifold first, then, the time delay effects on the dynamical behavior of the slow-fast systems can be stated on the basis of the geometric singular perturbation theory.
III. BURSTING GENERATION
In order to get a better understanding of the time-delay effects on the bursting of Eq. (1), it is necessary to state the transition and mechanism of the bursting generation of the classical HR neuron system without the time-delay term,
The system parameters of Eq. (2), as well as that of Eq. (1), take the values from the original paper of HR model, 5 namely,
Then, Eq. (2) reads
and the fast subsystem, which governs the fast variables, reads
where z is regarded as a parameter. According to the geometric singular perturbation theory, to determine the dynamical behavior of Eq. (4), it is required to figure out the structure of the slow manifold including the shape and stability of the slow manifold and the bifurcation points in the slow manifold.
The geometric singular perturbation theory defines the slow-manifold of Eq. (4) 
and the shape of the slow-manifold M is shown in Fig. 2 .
To determine the stability and bifurcation points of the slow-manifold M, consider the characteristic equation of the linearized equation of the fast subsystem Eq. (5)
As x varies along the slow-manifold M, the real part of the two characteristic roots of the characteristic equation DðkÞ ¼ 0 may be negative, positive or zero, as shown in Fig. 1 .Thus, the structure of the slow-manifold M is determined, as shown in Fig. 2 . Geometric singular perturbation theory indicates the solution trajectory will be attracted by the stable slow manifold and repelled by the unstable slow manifold. When the solution trajectory is attracted by the stable slow manifold M 1 , it will stick to the stable manifold and move slowly from left to right due to _ z ¼ 0:001 ½4 ðx þ 1:6Þ À z > 0 with ðz; y; xÞ 2 M 1 [ M 2 . When the solution trajectory crosses the Hopf bifurcation point H 1 , the supercritical Hopf bifurcation occurs, and the solution trajectory undergoes periodic oscillation centering around the slow manifold M 2 . When the periodic solution trajectory arrives at the unstable slow manifold M 4 , it will be repelled by M 4 , then, the solution trajectory will be attracted by the stable slow manifold M 5 , and stick to the stable manifold and move slowly from right to left duo to _ z < 0 with ðz; y; xÞ 2 M 5 . When the solution trajectory crosses the saddle-node bifurcation point S 2 , it will be repelled by M 4 and attracted by the stable periodic solution trajectory centering around the slow manifold M 2 . Thus, Eq. (4) undergoes bursting oscillations, which is confirmed by numerical results, as shown in Fig. 3 , where the Gear method for stiff problems is used in numerical integration with tolerance 0.001 and minimum step ¼ 1 Â 10 À12 , calculated on the platform of computer package XPPAUT.
IV. TIME-DELAY EFFECTS ON THE BURSTING
With the system parameter values given in Eq. (3) and l ¼ 1, Eq. (1) reads
Where s is taken as the bifurcation parameter. From the viewpoint of bifurcation, the key step in understanding the time-delay effect on the bursting oscillation is to determine how the time delay changes the structure of the slowmanifold. The fast subsystem of Eq. (8) is where z is regarded as a system parameter. The slowmanifold of Eq. (7) is composed of the equilibriums of the fast subsystem Eq. (8), denoted as
Thus, the shape of the slow-manifold of Eq. (7) is the same as that of Eq. (4), i.e., time-delay term does not change the shape of the slow-manifold.
To investigate time-delay effects on the stability and bifurcation of the slow-manifold M 0 , seeking solutions of the linearized equation of the fast subsystem Eq. (8) in the form
leads to the characteristic equation
where
When x ¼ À4=3 and x ¼ 0, zero is always a characteristic root of DðkÞ ¼ 0 for any s ! 0, thus, the two equilibriums (x, y) ¼ (À4/3,À71/9) and (x, y) ¼ (0, 1) of Eq. (8) are not asymptotically stable for any s ! 0, i.e., no stability switch occurs in those two equilibriums as time-delay s increases from zero to infinity. When x 2 ðÀ1; À4=3Þ [ ðÀ4=3; 0Þ [ ð0; þ1Þ, zero is not a characteristic root of DðkÞ ¼ 0 for any s ! 0. Thus, as s increases, a couple of eigenvalues can arrive in the right half plane (or vice versa) only through crossing the imaginary axis. Let k ¼ 6i xðx > 0Þ, and separating the real and imaginary parts of DðkÞ ¼ 0 leads to
Equation (11) is equivalent to the following two equations:
and
where X ¼ x 2 . With x in different regions, different cases of the roots of Eq. (13) is illustrated in Fig. 4 . According to the Theorem of stability switch, 30 only the equilibrium points ðx; yÞ with x 2 ð0:12; 1:82Þ may undergo stability switches as s increases from zero to infinity. With x 2 ð0:12; 1:82Þ, Eq. (13) has two positive roots, denoted as
Substituting x series of regions in ðx; sÞ-plane with x 2 ð0:12; 1:82Þ, as shown in Fig. 5 . According to the theorem of stability switch, 30 for fixed x, Eq. (10) increases a new pair of roots with positive real part when s increases and passes through one branch line L 1i , and decreases a pair of roots with positive real part when s increases and passes through one branch line L 2j . Thus, in all regions, the number of complex conjugate eigenvalues with positive real part can be determined, as illustrated in Fig. 5 .
For given time-delay s, the structure of the slowmanifold M 0 can be determined from Figs. 1 and 5. Take s ¼ 1:1 as an example, consult Fig. 6 , the distribution of the characteristic roots of DðkÞ ¼ 0 is obtained in Fig. 7 . Thus, the stability and bifurcation of the slow-manifold M 0 can be determined, as shown in Fig. 8 .
Once the structure of the slow-manifold M 0 is in hand, the dynamical behavior of Eq. (7) can be determined by using the method of geometric singular perturbation theory. To further investigate the influence of time delay s on the bursting generation of Eq. (7), three specific case studies are performed in the following.
Case 1: With small time delay s ¼ 0:1 in Eq. (7), the structure of the slow-manifold M 0 is determined from Figs. 1 and 5, it is indicated, by contrast with the structure of the slow-manifold M in Fig. 2 , the length of the unstable slow manifold M 2 is shortened slightly and the position of the Hopf bifurcation points H 1 and H 2 changes insignificantly, i.e. the structure of the slow-manifold M 0 is similar to that of M. Through the same analysis of geometric singular perturbation as for Eq. (2), it is indicated Eq. (7) undergoes bursting oscillations. The numerical plots and diagrams are excluded to avoid repetition.
Case 2: With medium time delay s ¼ 1:1 in Eq. (7), the structure of the slow-manifold M 0 is shown in Fig. 8 . By contrast with the structure of the slow-manifold M in Fig. 2 , the length of the unstable slow manifold M 2 is shortened considerably and the position of the Hopf bifurcation points H 1 and H 2 changes significantly, i.e., the structure of the slowmanifold M 0 is different from that of M. According to the geometric singular perturbation theory, the solution trajectory will be attracted by the stable slow manifold and repelled by the unstable slow manifold. When the solution trajectory is attracted by the stable slow manifold M Case 3: With large time delay s ¼ 8 in Eq. (7), from Figs. 1 and 5, the structure of the slow-manifold M 0 can be determined, it is shown, by contrast with the structure of the slow-manifold M in Fig. 2 , the stability and the position of the Hopf bifurcation points change inconsiderably, however, with ðz; y; xÞ 2 M 2 , the characteristic equation
DðkÞ ¼ 0 has several number of complex conjugate characteristic roots with positive real part, thus, Eq. (7) undergoes chaotic bursting, as shown in Fig. 10 .
We summarize the analytical results in the three case studies indicating the time-delay can suppress the bursting oscillation or lead to more complex dynamics in Eq. (7).
(I)
Small time-delay will not lead to the transition from bursting oscillation to other dynamical behaviors; (II) Medium time-delay can lead to the transition from bursting oscillation to relaxation oscillation; (III) Large time-delay can lead to more complex dynamics, including the chaotic bursting. 
V. CONCLUSIONS
Neural networks are usually incorporated with some kind of control loops, especially in the synchronization problem of coupled neurons. Unlike most of the previous works which focus on the influence of the time delay on the synchrony of delay-coupled Hindmarsh-Rose neurons, this paper studies the time-delay effect on the dynamical behaviors of the synchronized state after the synchronization manifold becomes stable. The key step is to determine the influence of the time-delay on the slow manifold firstly by using the method of stability switch, then, the time-delay effect on the bursting is presented on the basis of the geometric singular perturbation theory. The study indicates that the synchronized coupled Hindmarsh-Rose system has different dynamical behaviors with the corresponding uncoupled HindmarshRose systems due to the time-delay effect. Because the system considered in this paper can also be regarded as the single Hindmarsh-Rose neuron system under the control of delayed state difference feedback, the results obtained in present paper indicate the delayed state difference feedback is an efficient tool to control the switching between different relevant neuronal behaviors.
